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Introduction Basic definition Question

Definition

Let X be a countable set and Z C P(X), T is called an ideal if:
(1) (X cT.

(2). BEZ,ACB=— A€c1.

(3). ABeI= AUB¢cT.
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Introduction Basic definition Question

Definition

Let X be a countable set and Z C P(X), T is called an ideal if:
(1) (X cT.

(2). BEZ,ACB=— A€c1.

(3). AABeZT—=— AUBE€T.
An ideal 7 is called P-ideal if

(4). {Bp:new} CZ, 3IB € I(VYn € wB, C* B).
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Introduction Basic definition Question

Definition

Let X be a countable set and Z C P(X), T is called an ideal if:
(1) (X cT.

(2). BEZ,ACB=— A€c1.

(3). AABeZT—=— AUBE€T.
An ideal 7 is called P-ideal if

(4). {Bp:new} CZ, 3IB € I(VYn € wB, C* B).

And the Borel (Analytic) we means Borel (Analytic) subset of
P(X) ~ 2.
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Introduction Basic definition Question

Definition (M. Hrusdk and D. M. Alcéntara)
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Introduction Basic definition Question

Definition (M. Hrusdk and D. M. Alcéntara)

Let Z and J be ideals on w. The Comparison Game for Z and J
denoted by G(Z, J) is played as follow:

| IyeZ e Inel
[l Jp € I eee Jn€ T
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Introduction Basic definition Question

Definition (M. Hrusdk and D. M. Alcéntara)

Let Z and J be ideals on w. The Comparison Game for Z and J
denoted by G(Z, J) is played as follow:

| IyeZ e Inel
[l Jp € I eee Jn€ T

Player Il wins if |J

L €T U, Jn €T.

new
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Introduction Basic definition Question

Definition (M. Hrusdk and D. M. Alcéntara)

Let Z and J be ideals on w. The Comparison Game for Z and J
denoted by G(Z, J) is played as follow:

Il IheZl - Ined
Il JoeJd - Jne€J

L €T U, Jn €T.

Player Il wins if |J

new

We write Z C 7 if Player Il has a winning strategy in G(Z, 7).
AdZI~~JTJHICITANTLCL.
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Introduction Basic definition Question

Question
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Introduction Basic definition Question

Question

What is the structure of (Borel ideals/~, C)?
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Introduction e definition Question

Motivation
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Introduction efinition Question

Motivation

Let 7 and J be two ideals on w.
A function f :Z — J is called Tukey if

VAe JaB € IVC € ZI(f(C) C A= C C B).
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Introduction efinition Question

Motivation

Let 7 and J be two ideals on w.
A function f :Z — J is called Tukey if

VAe JaB € IVC € ZI(f(C) C A= C C B).
We write
I<urJ

if there is a monotone Tukey function from Z to J.
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Introduction efinition Question

Motivation

Let 7 and J be two ideals on w.
A function f :Z — J is called Tukey if

VAe JaB € IVC € ZI(f(C) C A= C C B).
We write
I<urJ

if there is a monotone Tukey function from Z to J.

Connection: Z<yr J —71LC J.
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Introduction Basic definition Question

Definition ( W. Wadge )
Let X, Y C w*. The Wadge Game for X and Y denoted by
W(X,Y) is played as follow:

| zp€Ew s Xy EW
Il Y EW - Un E W

Denote © = zgx1...Tn... and y = Yoy1..-Yn....
Player [l winsif z € X <=y €Y.

v

We write X <y Y if Player Il has a winning strategy in W(X,Y).
And X =y Y if X <y Y AY <y X.
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Progress

Theorem (M.Hrusak, D. M. Alcantara )
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Progress

Theorem (M.Hrusak, D. M. Alcantara )

ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.
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Progress

Theorem (M.Hrusak, D. M. Alcantara )
ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.

<

Corollary

\
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Progress

Theorem (M.Hrusak, D. M. Alcantara )
ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.

<

Corollary

o The game G(Z,J) is determined for every pair I, J of Borel
ideals.

\
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Progress

Theorem (M.Hrusak, D. M. Alcantara )
ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.

<

Corollary

o The game G(Z,J) is determined for every pair I, J of Borel
ideals.

@ The order C is well-founded.

\
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Progress

Theorem (M.Hrusak, D. M. Alcantara )

ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.

<

Corollary

o The game G(Z,J) is determined for every pair I, J of Borel
ideals.

@ The order C is well-founded.

@ The comparison game is almost linear (all antichains have size
at most 2).

\
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Progress

Theorem (M.Hrusak, D. M. Alcantara )

ICJ <= 1I<w J, whereT = {x € w* : rang(z) € T}.

<

Corollary

o The game G(Z,J) is determined for every pair I, J of Borel
ideals.

@ The order C is well-founded.

@ The comparison game is almost linear (all antichains have size
at most 2).

@ There are uncountable many ~-classes.
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Progress

Theorem (M.Hrudk, D. M. Alcéntara )
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Progress

Theorem (M.Hrudk, D. M. Alcéntara )
(1). For any Borel ideal Z. T is F, if and only if T ~ Fin.
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Progress

Theorem (M.Hrudk, D. M. Alcéntara )
(1). For any Borel ideal Z. T is F, if and only if T ~ Fin.
(2). There are at least two classes of F,5(I13) non-F,(%9)-ideals.
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Progress

Theorem (M.Hrudk, D. M. Alcéntara )

(1). For any Borel ideal Z. T is F, if and only if T ~ Fin.
(2). There are at least two classes of F,5(I13) non-F,(%9)-ideals.
(3). Let Z be an analytic P-ideal. Then Z ~ Fin or Z ~ () x Fin.
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Progress

Question (M.Hrusdk, D. M. Alcantara )
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Progress

Question (M.Hrusdk, D. M. Alcantara )
(1). Is the order C linear?
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Progress

Question (M.Hrusdk, D. M. Alcantara )

(1). Is the order C linear?
(2). Are there exactly two class of Fy5 non F,-ideals?
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Progress

Question (M.Hrusdk, D. M. Alcantara )

(1). Is the order C linear?
(2). Are there exactly two class of Fy5 non F,-ideals?

(3). How many classes of Fys,-ideals are there?
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Progress

Definition

Let X be a Borel subset of 2“. The trace ideal of X, denoted by
T(X), is the ideal on <“2 generated by {{z|n:n € w} : 2z € X}.
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Progress

Let X be a Borel subset of 2“. The trace ideal of X, denoted by
T(X), is the ideal on <“2 generated by {{z|n:n € w} : 2z € X}.

Proposition (van. Engelen 1994)

LetT D A(D,(X9)) be a Wadge degree such that
VnewvVX el'=X"el. If X isT, then T(X) isT.

A subset A C 2% is D,,(X9) if there is a increasing X9 sequence
{Bn n e w} such that A = Ukew ng+1\ng.
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Progress

Let X be a Borel subset of 2“. The trace ideal of X, denoted by
T(X), is the ideal on <“2 generated by {{z|n:n € w} : 2z € X}.

Proposition (van. Engelen 1994)

LetT D A(D,(X9)) be a Wadge degree such that
VnewvVX el'=X"el. If X isT, then T(X) isT.

A subset A C 2% is D,,(X9) if there is a increasing X9 sequence
{Bn n e w} such that A = Ukew ng+1\ng.

Lemma (van. Engelen)

If T is an infinite Borel ideal on w, then T x T =y T.
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Main results

Observation: Two Fj,s non-Fj,-ideals: §) x Fin, T(Fin™).
We have the following result:

Theorem
(1). 0 x Fin Z T((0 x Fin)T). Where
Dx Fin={ACwxw:VYne€w{m: (n,m)e A} <w}.
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Main results

Observation: Two Fj,s non-Fj,-ideals: §) x Fin, T(Fin™).
We have the following result:

(1). 0 x Fin Z T((0 x Fin)T). Where
Dx Fin={ACwxw:VYne€w{m: (n,m)e A} <w}.
(2). T((0 x Fin)*) Z 0 x Fin.
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Main results

Observation: Two Fj,s non-Fj,-ideals: §) x Fin, T(Fin™).
We have the following result:

(1). 0 x Fin Z T((0 x Fin)T). Where
Dx Fin={ACwxw:VYne€w{m: (n,m)e A} <w}.
(2). T((0 x Fin)*) Z 0 x Fin.

Is the order C linear?
No
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Main results

Let X and Y be Borel subset of P(w) with [X] D Do(X9).
X <w Y = T(X) C T(Y).
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Main results

Theorem

Let X and Y be Borel subset of P(w) with [X] D Do(X9).
X <w Y = T(X) C T(Y).

Lemma (J.Steel)

Let T be a Wedge class above Do(XY). Then
VA, B(AETABeT\TI) = A<, B). Where A <; B means
there is injection continuous f : 2* — 2% such that A = f~1(B).
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Main results

Let X and Y be Borel subset of P(w) with [X] D Do(X9).
X <w Y = T(X) C T(Y).

v

Lemma (J.Steel)

Let T be a Wedge class above Do(XY). Then
VA, B((A€TABcT\TI)= A< B). Where A <; B means
there is injection continuous f : 2* — 2% such that A = f~1(B).

The key idea: If the result of Player | plays has finite many
anti-chains, use X <y Y control.

If it has infinite many anti-chains, use 1-1 to preserve the result of
Player Il also has infinite many anti-chains.
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Main results

Let A C 2% be a Borel subset such that its Wadge class is above
D, (X9) and B be any Borel set. If B¢ £y A, then
T(T(B)") Z T(A).
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Main results

Let A C 2% be a Borel subset such that its Wadge class is above
D, (X9) and B be any Borel set. If B¢ £y A, then
T(T(B)") Z T(A).

V.
Corollary

IfZ,J be two Borel ideals above Dw(Eg) . then
I =w J & T(T) ~T(J).
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Main results

Let A C 2% be a Borel subset such that its Wadge class is above
D, (X9) and B be any Borel set. If B¢ £y A, then
T(T(B)") Z T(A).

V.
Corollary

IfZ,J be two Borel ideals above Dw(Eg) . then
I =w J & T(T) ~T(J).

Are there exactly two class of F,;5 non F,-ideals?
How many classes of Fs,-ideals are there?
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Main results

Let A C 2% be a Borel subset such that its Wadge class is above
D, (X9) and B be any Borel set. If B¢ £y A, then
T(T(B)") Z T(A).

V.
Corollary

IfZ,J be two Borel ideals above Dw(Eg) . then
I =w J & T(T) ~T(J).

Are there exactly two class of F,;5 non F,-ideals?
How many classes of Fs,-ideals are there?
No, there are wq many classes.
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Main results

Let T be a Borel ideal. Then T'(Z) C Z.
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Main results

Let T be a Borel ideal. Then T'(Z) C Z.

But we don't clear whether T'(Z) ~ Z,
Form above theorem we have that:

For any Borel ideal T with Wadge class above D, (X9), we have
T(T(I)) ~T(I).
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Main results

Definition

For every 0 < pu < wy, we let Froy, = {S C w# : |S|p < wt},
Frops1 = {S Cwhtt :Vm € w((S)m € Frau)}.
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Main results

Definition

For every 0 < pu < wy, we let Froy, = {S C w# : |S|p < wt},
Frops1 = {S Cwhtt :Vm € w((S)m € Frau)}.

For every 0 < p < wy, T(Fryy,) =~ Fro,, T(Froyq1) =~ Froyq1.
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Main results

Definition

For every 0 < pu < wy, we let Froy, = {S C w# : |S|p < wt},
Frops1 = {S Cwhtt :Vm € w((S)m € Frau)}.

For every 0 < p < wy, T(Fryy,) =~ Fro,, T(Froyq1) =~ Froyq1.

Let T be a Borel ideal. If Fry,, <w I, then Fry, E 1 and if
FT2“+1 <w T, then FT‘2;},+1 CZT
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Main results

A dichotomy for analytic P-ideal

Theorem (M.Hrusak, D. M. Alcantara)
Let T be an analytic P-ideal. Then T ~ Fin or T ~ () x Fin.
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Main results

A dichotomy for analytic P-ideal

Theorem (M.Hrusak, D. M. Alcantara)
Let T be an analytic P-ideal. Then T ~ Fin or T ~ () x Fin.

Let Z be an analytic P-ideal. If T is non-F,, then T is
F,s-complete.
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Main results

0 x Fin Z T((0 x Fin)™)

The idea of proof.

We construct a winning strategy for Player | in
G0 x Fin,T((0 x Fin)*)).
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Main results

0 x Fin Z T((0 x Fin)™)

The idea of proof.

We construct a winning strategy for Player | in

G0 x Fin,T((0 x Fin)*)).

The possible case 1: The maximal anti-chains of result of Player Il
is finite.
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Main results

0 x Fin Z T((0 x Fin)™)

The idea of proof.

We construct a winning strategy for Player | in

G0 x Fin,T((0 x Fin)*)).

The possible case 1: The maximal anti-chains of result of Player Il
is finite.

For every 1 < n < w we define a game G, as follows. In step k,
Player | pick a I, € ) x Fin and Player Il picks a

Jr € T((0 x Fin)™) such that Vi < k(J; C Ji) and the maximal
cardinal of an antichain of Jj is n. Player Il wins if

Unew In € 0 X Fin iff U, e, Jn € T((0 x Fin)*).

new
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Main results

0 x Fin Z T((0 x Fin)™)

The idea of proof.

We construct a winning strategy for Player | in

G0 x Fin,T((0 x Fin)*)).

The possible case 1: The maximal anti-chains of result of Player Il
is finite.

For every 1 < n < w we define a game G, as follows. In step k,
Player | pick a I, € ) x Fin and Player Il picks a

Jr € T((0 x Fin)™) such that Vi < k(J; C Ji) and the maximal
cardinal of an antichain of Jj is n. Player Il wins if

Unew In € 0 X Fin iff U, e, Jn € T((0 x Fin)*).

Claim: Player | have a winning strategy oy, in G,,. (Proved by
induction on n)

new
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Continue the proof.

The possible case 2: The maximal anti-chains of result of Player Il
is infinite.
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Main results

Continue the proof.
The possible case 2: The maximal anti-chains of result of Player Il
is infinite.

Copy 0 x Fin w many times by the structure of ) x F'in.
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Main results

Continue the proof.

The possible case 2: The maximal anti-chains of result of Player Il
is infinite.

Copy 0 x Fin w many times by the structure of ) x F'in.

The strategy of Player | as follows:

Let {X,, : n € w} C [w]¥ be a partition of w. In step 0, Play |
plays 0, and in step k > 0, Let M (k) be the maximal cardinal of
an antichain in (J; ;. Ji.
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Main results

Continue the proof.

The possible case 2: The maximal anti-chains of result of Player Il
is infinite.
Copy 0 x Fin w many times by the structure of ) x F'in.

The strategy of Player | as follows:

Let {X,, : n € w} C [w]¥ be a partition of w. In step 0, Play |
plays 0, and in step k > 0, Let M (k) be the maximal cardinal of
an antichain in (J; ;. Ji.

(1) If M(k) = M(k — 1), then Player | plays the game G y;(;—1) in
Xpr(k—1) X w think Player Il plays U<k Ji in a new step and plays
follow the winning strategy opy(r—1)-
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Main results

Continue the proof.

The possible case 2: The maximal anti-chains of result of Player Il
is infinite.
Copy 0 x Fin w many times by the structure of ) x F'in.

The strategy of Player | as follows:

Let {X,, : n € w} C [w]¥ be a partition of w. In step 0, Play |
plays 0, and in step k > 0, Let M (k) be the maximal cardinal of
an antichain in (J; ;. Ji.

(1) If M(k) = M(k — 1), then Player | plays the game G y;(;—1) in
Xpr(k—1) X w think Player Il plays U<k Ji in a new step and plays
follow the winning strategy opy(r—1)-

(2) If M(k) > M(k — 1), then Player | has to abandon what he
has played and begin a new game of G () inside Xy X w
follow the winning strategy o (1), and think Player Il in step 0

plays ;1. Ji- O
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Main results

Dékuji!
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